The quantum Hall effect is studied in the topological insulator BiSbTeSe2. By employing topand back-gate electric fields at high magnetic field, the Landau levels of the Dirac cones in the top and bottom topological surface states can be tuned independently. When one surface is tuned to the electron-doped side of the Dirac cone and the other surface to the hole-doped side, the quantum Hall edge channels are counter-propagating. The opposite edge mode direction, combined with the opposite helicities of top and bottom surfaces, allows for scattering between these counterpropagating edge modes. The total Hall conductance is integer valued only when the scattering is strong. For weaker interaction, a non-integer quantum Hall effect is expected and measured.
The quantum Hall effect is studied in the topological insulator BiSbTeSe2. By employing topand back-gate electric fields at high magnetic field, the Landau levels of the Dirac cones in the top and bottom topological surface states can be tuned independently. When one surface is tuned to the electron-doped side of the Dirac cone and the other surface to the hole-doped side, the quantum Hall edge channels are counter-propagating. The opposite edge mode direction, combined with the opposite helicities of top and bottom surfaces, allows for scattering between these counterpropagating edge modes. The total Hall conductance is integer valued only when the scattering is strong. For weaker interaction, a non-integer quantum Hall effect is expected and measured.
The quantum Hall effect (QHE) can be described by the formation of quantized edge state conduction. The conductance of quantum Hall edge modes in a semiconductor is given by 2nG 0 , where n is the number of modes (linked to the Landau level filling number of the bulk), the multiplication by two is to account for two spins, and G 0 = e 2 h is the conductance quantum [1] . When the electronic dispersion of a material is given by the Dirac equation, the first bulk Landau level sits at the Dirac point and simply provides a conductance contribution of only G0 2 , as can be explained by the extra Berry phase of π that is obtained in a Landau orbit. For graphene, one then obtains an edge conduction of 4 n + 1 2 G 0 , where the factor of four comes from the twofold spin degeneracy and the twofold orbital degeneracy due to there being Dirac points at the crystallographic K and K' points [2] .
After the discovery of topological insulators, it was soon understood that the Dirac cone of the topological surface state (TSS) of a three-dimensional topological insulator (TI) is not spin degenerate, except at particular Kramer's momenta. Like for graphene, the Berry phase argument provides an offset of 1 2 , and the direction of the conduction channels is determined by the position of the Fermi level in the Dirac cone with respect to the Dirac point (electrons versus holes). Every surface (e.g. top and bottom) then provides an edge conduction of n + 1 2 G 0 , rendering the TSS effectively equivalent to one quarter of graphene [3] . The top (t) and bottom (b) surfaces of a 3D topological insulator posses Dirac cones of opposite helicities. When the two surfaces are gatetuned so that the Fermi energy in both systems is either above or below the Dirac point (i.e. two electron or two hole Fermi surfaces), the edge modes of the two surfaces propagate in the same direction, but with opposite helicity. Due to their orthogonality no scattering from one to the other is quantum mechanically allowed. In such a case, the parallel mode conductances add up, yielding an integer quantum Hall effect, i.e. the Hall conductance G xy = (n t + n b + 1) G 0 . This integer quantization has indeed been observed for 3D topological insulators such as BiSbTeSe 2 [4, 5] , (Bi 1−x Sb x ) 2 Te 3 [6] , HgTe [7] , and magnetically doped topological insulators, where the role of the external magnetic field is replaced by an interal magnetization [8, 9] .
However, when the top and bottom surfaces of a 3D topological insulator are gate-tuned to different sides of the Dirac point (i.e. one electron and one hole Fermi surface) the edge modes of the two surfaces are counterpropagating, as shown in Fig. 1(a) . In this case, the helicities of the states are equal as the sign reversal going from top to bottom surface is cancelled by the sign reversal going from the electron to the hole side of the Dirac cone. This situation is different from the counterpropagating modes in a quantum spin Hall insulator (QSH) [10] , where the mode conductance lacks the factor of Here, we study the interaction between counterpropagating surface states in a three-dimensional topological insulator exploiting independent gate tuning of the upper and lower topological surface states of a BiSbTeSe 2 device. We discover non-integer quantum Hall conductance values when the scattering between the surface state modes is suppressed by the use of a large separation between top and bottom surfaces. The noninteger (but rational) conductance values can be understood from the voltage probes being in perfect equilibrium with both the top and bottom edge modes. Modeling the conductance data enables extraction of a value for the probability of scattering between the top and bottom surface modes.
As a three-dimensional topological insulator, stoichiometric BiSbTeSe 2 [4, 13, 14] is used because of its decent R xx (kΩ)
FIG. 1: (a)
Schematic drawing of a dual-gated quantum Hall device with either parallel propagation or counter-propagation in the edge states of the topological bottom and top surfaces of a 3D topological insulator. In the case of parallel propagation (upper panel), the charge carriers move in the same direction, and the edges of the surfaces form equipotential lines (µ±) [12] . For counter-propagation (lower panel), the electrons and holes come from different potential reservoirs (electrodes) and move in opposite directions. In this case, a non-zero probability exists for backscattering between the top and bottom surfaces, given by (1 − τ . Two devices have been characterized at low magnetic fields and both show similar behavior. One device was selected for the high-magnetic field measurements. Fig. 1 depicts the schematic layout of the experiment as well as an optical microscopy image of the device.
We measured the differential resistance for R xx and R xy at zero magnetic field in a Hall-bar-shaped sample while sweeping the top-gate and bottom-gate voltages independently. This gave the data presented in Fig. 1(b) .
A single maximum appears in the gate scan range of the map, at which the Fermi levels of both top and bottom surface states are tuned close to their respective Dirac points (DPs). Both top and bottom surfaces were found to be electron doped initially, meaning the DPs of both surfaces are positioned at negative gate voltage. To the left and below the 2D figure, the profiles of R xx as a function of the top (back) gate voltage, V tg (V bg ), are given for cuts indicated with a blue (red) line. The maximum of the profile as a function of the top-gate voltage does not depend on the back-gate voltage and vice versa, which means that the top and bottom gates only tune their proximate surface states. This shows that the two surfaces are decoupled, split as they are by the insulating bulk, consistent with both previous observations of decoupled BSTS surfaces [15] and with the significant thickness chosen for the flake (240 nm).
The independent gate tuning capability of the Dirac cones of the two topological surface states is also manifested in the Hall effect data at low magnetic field. Fig.  2(a) shows the anti-symmetrized R xy Hall signal of topgate sweeps recorded for different magnetic fields. With the bottom surface slightly electron doped (V bg = −40 V), when the top gate crosses the DP, the slope of R xy (B) changes sign, which indicates that we tune the top surface from being electron doped to hole doped. The figure at the bottom shows a sharp change from positive to negative value of R xy as function of the top-gate voltage.
We deduced the carrier density from the R xy data using a two-band model, in order to account for the top and bottom surface conduction contributions (from the independent gating of the two surfaces, the bulk contribution can be assumed to be negligible). In general, there are four fitting parameters (the top and bottom surface mobilities, µ t and µ b , and the two carrier densities, N t and N b ). However, in our case, we benefit from the results of high field measurements (shown and discussed in the Supplementary Material [11]) to estimate the gate dependence of the carrier density of both surfaces more accurately. This allows us to fix the carrier densities of two surfaces and use the two mobilities as the only fitting parameters. The results of the fitting, see Fig. 2 (b), show that we can tune both the top and bottom surfaces to have very low carrier densities, and thus continuously tune the Fermi level through the DP. When the Fermi level is very close to the DP, rather than needing only two conductance channels, the fitting requires a third contribution. Most likely, this is not due to the side surfaces. In general, the etching steps in the Hall bar fabrication procedure result in a very poor mobility for the side surfaces. Moreover, the side surfaces are oriented parallel to the applied field, meaning that they do not contribute to the R xy signal either. Most likely, the extra contribution arises from spatial charge fluctuations [16] in the 2D surface states, also observed for BiSbTeSe 2 [17] . From the multi-band fit, the carrier density of these charge puddles is estimated to be about 5 × 10 15 m −2 .
At high magnetic field, the two gates can be used to tune the Fermi level between different Landau levels (LLs). A gate map of G xy at 15 T and 50 mK is shown in Fig. 3(a) . We deduced G xy from the measured R xx and R xy by inversion of the resistivity tensor, after we symmetrized the R xx data and anti-symmetrized the R xy data to minimize possible geometric effects. Despite the fact that the quantization of the LLs is not perfect at only 15 T, we can already see that the G xy gate map is divided into several quasi-rectangular areas. These plateaus correspond to different filling factor combinations of ν t = n t + To get a better understanding of the expected quantized Hall conductance in this combined system of two surface states, we modeled the system using the Landauer-Büttiker formula (see Supplementary Material [11] for the modeling details). We theoretically expect an unusual non-integer Hall conductance in the regime for which the two surfaces are populated by charge carriers of opposite sign (lower panel of Fig. 1(a) ), but equal helicity. Intuitively, when the coupling between electrons and holes is strong, the counter-propagating states counteract each other and will cancel when summing the Hall conductances, but this picture only holds when the counter-propagating filling factors are exactly opposite (e.g. ν t = −ν b = 1 2 ). In general, counter-propagating edge modes start off from different current injection electrodes, and have, therefore, different chemical potentials, see also Fig. 1(a) . If there is no interaction possible between the surface channels through the bulk, the only way to get equilibrium is to equalize the potential inside
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c d e f Step number Step number the metal electrodes. Using this as a boundary condition, we theoretically expect non-integer values for the Hall conductances in the counter-propagating regime, even for perfect transmission of the edge channels. The calculated and measured values are shown in Fig. 3(b) . Crosssectional cuts of the data are shown in Figs. 3(c) and 3(d).
Due to the imperfect edge channels at these moderate magnetic fields (i.e. µB 1 not being fulfilled), the values for the Hall conductance deviate from the expected values, and R xx does not go completely to zero. This effect becomes most apparent for the top-gate dependence of G xy at constant bottom surface Landau level, as shown in Fig. 3(d) , and is strongest in the regimes for which the surfaces are populated by charge carriers of opposite sign (we note that the mobility of the holes is generally lower than the mobility of the electrons in topological insulators, consistent with our observation in Fig. 2 ). Indeed, impurities or defects on the side surfaces of a topological insulator are predicted to lead to hybridization of the edge states of the two surfaces [18] .
However, the bottom surface shows better quantization values (perhaps due to better protection during device processing), hence we use Fig. 3(c) rather than Fig.  3(d) for the subsequent analysis. Especially when we look at the change in the Hall conductance at constant ν t when going from one ν b to the other, a quantitative analysis can be made as regards the nature of the coupling between counter-propagating edge modes. We plot both the calculated (red, green) and the measured (blue) Hall conductance changes (δG xy ) when changing ν b in Fig. 3(e) . The step numbers 0, 1 and 2 correspond, respectively, to ν b = − . Note, that all experimental values are lower than theoretically expected, likely due to the non-vanishing shunting conductance of the bulk states. Despite the overall lowering factor, for counter-propagating modes a clearly nonmonotonic change in the Hall conductance is experimentally observed around step 1 for ν t = − 1 2 , as predicted by the model. On the other hand, the Hall conductance change stays almost constant for parallel propagation, when ν t = 1 2 , also in line with the model. This observation is different from previous reports on topological insulators [4, 5, 7] , where the total Hall conductance remained integer valued, even in the case of counter-propagating modes. We note that our devices have a significantly larger separation between the surfaces and that the scattering between counterpropagating modes is therefore reduced. We model the coupling between counter-propagating modes with an effective mode transmission probability, τ . Then, the probability of reflecting into the mirrored, counterpropagating channel (both opposite charge and propagation direction) is 1 − τ . When τ = 1, the counterpropagating channels are only coupled through the equilibration of the chemical potential of the edge modes inside the voltage probe electrodes. However, when τ = 0, the counter-propagating channels are fully coupled, and the Hall conductance is found to be integer valued (see Supplementary Material [11] for details). This is most likely the explanation of the integer quantum Hall effect seen in thinner samples. The non-monotonic change in Hall conductance observed in our case is consistent with a large value of τ (for comparison, also the expected values for τ = 0.8 are shown in Fig. 3(e) , which resemble the experimentally observed relative step heights well), as expected for thicker flakes.
Interestingly, the longitudinal resistance, R xx , also behaves differently for parallel propagation and counterpropagating edge modes. For parallel propagation (areas without hatching in Fig. 3(f) ), R xx would tend to zero if the edge modes were to become increasingly ideal at higher magnetic field. However, if the two topological surfaces have counter-propagating edge states (hatched regions in Fig. 3(f) ), R xx becomes large. We calculated R xx using the Landauer-Büttiker formula (see Supplementary Material [11]). For ν t = ±1/2 and ν b = ∓1/2, we find ρ xx = h τ e 2 . If the channels are very transparent (τ ≈ 1), R xx should be approximately G −1 0 , which can be understood from the equilibration of the chemical potential in the voltage probe electrodes. This situation to also applicable to observations in the HgTe/CdTe quantum spin Hall state, where τ = 1 because of the opposite spin of the modes [10] , albeit with a factor of two difference because of the different Berry phase. If τ 1, the two counter-propagating channels are strongly coupled, since the backscattering rate is high, so R xx is expected to be large. The gate map of R xx at 15 T is shown in Fig. 3(f) . The filling factors for both surfaces are indicated using the notation (ν t , ν b ). It can be seen that both R xx ( For the thinner sample of Xu et al. [4] , based on their measured value for R xx , we estimate τ = 0.1, which is indeed an order of magnitude smaller, indicating more proximate and thus more strongly coupled edge channels, fully consistent with their observation of an integer quantum Hall effect.
In conclusion, the Fermi level has been controlled independently for the upper and lower surface states of a 3D topological insulator using a dual-gating configuration. The developing quantum Hall states are observed at a magnetic field of 15 T. Applying the Landauer-Büttiker formalism, we simulate the system for both a parallel and counter propagation edge state configuration and we experimentally confirm a non-monotonic change in the Hall conductance for counter-propagating states when compared to the integer quantum Hall effect. Our data show that it is the interaction between counter-propagating modes that results in the non-integer quantum Hall effect. The interaction can be understood from the equilibration of the chemical potential in the electrodes and the scattering between the edge modes of the top and bottom surfaces.
Compared to the well studied electron-hole quantum Hall bilayers in semiconducting 2D heterostructures (e.g see [19] [20] [21] ), the topological surface states hold up the intriguing prospect of showing fractional exchange statistics, when combined with superconductivity, due to the helical nature of the edge modes. Counter-propagating and spin-resolved edge modes have also been realized in quantum spin Hall insulators [10] and twisted bilayer graphene [22, 23] , but scattering between counterpropagating edge modes, as reported here, is only possible for 3D topological insulators, providing an additional control parameter in quantum Hall experiments and applications. The combination of edge mode interaction and potential equilibration in the electrodes might also be a suitable platform to investigate models for scattering in the fractional quantum Hall effect [24] and independent tuning of quantum Hall edge states by the magnetic proximity effect [25] [26] [27] .
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Interaction between counter-propagating quantum Hall edge channels in the topological insulator BiSbTeSe 2 . This zeroth Landau level is also refered to as a consequence of the non-zero Berry phase in a Landau orbit. The 
-Supplemental Material

Sample fabrication
High quality BiSbTeSe 2 single crystals were grown using a modified Bridgman method.
Stoichiometric amounts of the high purity elements Bi (99.999%), Sb (99.9999%), Te (99.9999%) and Se (99.9995%) were sealed in an evacuated quartz tube and placed vertically in a tube furnace. The material was kept at 850 ℃ for three days and then cooled down to 500 ℃ with a speed of 3 ℃ per hour, followed by cooling to room temperature at a speed of 10 ℃ per minute. We exfoliated single crystal flakes onto a highly doped silicon substrate topped with a 300 nm thick SiO 2 layer on top. Nb/Pd (80/10 nm) metal contacts are fabricated using sputter deposition and e-beam lithography. After making the contacts, we shaped the flakes into a Hall bar structure using e-beam lithography and Ar + etching.
Next, the entire central area of the BiSbTeSe 2 flake is covered with a 20 nm thick Al 2 O 3 layer using atomic layer deposition at 100 ℃. In the final step, the top gate is realized by using e-beam lithography and lift-off of a sputter deposited Au layer. Two devices have been characterized at low magnetic fields and both show similar behavior. One device was selected for the high-magnetic field measurements. Fig. 1 depicts the schematic layout of the experiment as well as an optical microscopy image of the device.
Gate-dependent hysteresis
For both surfaces, gate-dependent sweeps show hysteretic behavior. The hysteresis is probably mainly due to trapped charges in bulk defects, which do not contribute to the transport. By carefully comparing the data of up and down sweeps, we find that the curves are fully reproducible for identical initial conductions and sweeping direction. In Fig. S2 , we show a series of representative gate voltage sweeps. All curves with the same initial state, and the same sweeping direction exactly retrace. This memory-like behavior is observed consistently in all of our samples for both top and bottom gating.
Determining the Landau levels
This section deals with how one can determine the filling factors for each surface if the LLs are not fully quantized. First, we use our low field results. We determine the gate voltage, V G , at which the charge carrier density is the lowest by changing only one gate voltage. Normally, this point corresponds to the maximum of R xx (V G ). Once the Fermi level crosses the Dirac point, the R xy signal changes sign and a large peak or dip is observed in the measured differential resistance. Such a significant change in R xy signal gives a clear indication of the ν = LLs (depending on the sign of the gate voltage). In this way, we located four levels at V bg =-40V and -55V for the ν b = ± , and V tg = −2V
and -3V for ν t = ± After assigning these filling factors, we can determine the filling factors of the other squares in the G xy gate map, shown in the main paper in Fig. 3(a) . 
Multiband fitting results
For the fitting of the low-field Hall data, as presented in Fig. 2 of the main text, a two-or three-band model was used. The R xy curves and the zero field longitudinal resistance values were used to obtain the carrier density and mobility values for both the top and bottom surfaces. The third band that was used to fit the data is ascribed to charge puddles and only plays a role when E F is close to E Dirac . In Fig. S3 , we show the fitting results for different gate voltages.
As a guideline for the fitting, the carrier density of the gated surface was only allowed to change linearly with the gate voltage. The rate of change was determined using the effective dielectric constants obtained from the LL fan diagrams discussed in Supplementary Section 5 below. For the other surface and the charge puddles, a small range in carrier density was chosen such that the data could be well fitted across the gate voltage range. However, the mobility of the gated surface was allowed to vary distinctly more, since the mobility increases significantly close to the Dirac point, as shown in Fig. S3 .
It is evident that the bulk conductivity does not appear to be relevant in the data fitting.
This observation was already warranted from the independent gate tuning of the top and bottom surfaces. We argue here that bulk conductivity is also negligible when it comes to equilibration between electrodes. The independent gating, as shown in main text Fig. 1(b) , implies a negligible conductance between the top and bottom surfaces on the scale of the longitudinal conductance. Given the order of magnitude of the longitudinal resistance, R xx of 10 kΩ, and the dimensions of the Hall bar (i.e. a flake thickness of 240 nm, a width of about 1 µm and a length of more than 5 µm), the bulk resistivity is then found to be much larger than 2 Ωcm. The bulk channel resistance between electrodes (spacing is 2 µm) is then found to be much larger than 2×10 5 Ω, meaning that it can be neglected when compared to the quantum of the resistance. graphene [3] . Multiple scattering mechanisms can be responsible for such a carrier density dependent mobility [4, 5] : defects on the topological insulator surfaces, phonons, or even edge roughness. Experimentally, near the Dirac point, we observe a logarithmic dependence of the mobility on the carrier density with different pre-factors that depend on the gate voltage used. The observed kink in the dependence of the top-surface carrier density on top-gate voltage must relate to a change in gating efficiency across the Dirac point, likely related to a change in dielectic screening.
Landau level spacing and effective dielectric constant
In a Dirac cone, the energy of the LLs is given by E N = sgn(N )v F 2eBh|N |. Considering that the degeneracy of the spin is lifted for the 2D topological surface states, we get a density of states of D 2D (E) =
. Using E = ±hv F k, we can deduce the number of carriers per unit area for each surface as function of the gate voltage,
We found that if we use the ideal dielectric constant for the Al 2 O 3 top gate and the SiO 2 bottom gate, the field dependence of the calculated LLs does not fit our experimental results.
Therefore, we try to fit the 'Landau fan diagram' using an effective dielectric constant, eff . In this way, we get a good fit with eff = 2.64 for the Al 2 O 3 top gate and eff = 1.8 for the SiO 2 bottom gate, which are used in previous section of this paper to obtain boundary conditions for the two-band fits. Note that when the theoretical lines fit the fan diagram well, the spacing between different LLs should also fit the data ( In general, to calculate device conductances from edge states, the Landauer-Büttiker formalism is well suited. All device terminals, assumed to be leads that are in equilibrium with potential µ, are labeled with and index. The current into (positive) or out of (negative) a terminal is then given by G 0 add up in the elements of G pq , e.g.
However, when the two surfaces of a topological insulator are gate-tuned at different sides of the Dirac point (i.e. one electron and one hole Fermi surface), the edge modes of the two surfaces are counter-propagating. In this case, the helicities of the states are equal (the sign reversal going from the top to the bottom surface is cancelled by the sign reversal going from the electron to the hole side of the Dirac cone). Here, we will derive a model for the interaction between the modes, but first we focus on the case of negligible coupling, such as is the case for a sufficiently thick topologial insulator for which the surfaces are far apart. In contrast to the QSH case which has only one mode in each direction, the counterpropagating modes in a topological insulator can consist of higher values of n. For example, the case of n t = 1 and n b = −1 gives G pq values of G 12 = 1 + Now we take also the coupling between modes into account. We introduce a transmission parameter τ for modes that have a counterpropagating partner at the other surface. Since modes that orginate from different Landau levels are orthogonal in real space, we neglect scattering between them. As an example, we take again the case of n t = 1 and n b = −1 case for which we then consider scattering only between the 
Combining Eqs. (2) and (3) 
where V p = eµ p . Putting I 1 = −I 4 = I then allows to solve the matrix equation and from which G xy can then be calculated as a function of τ . For example, for τ = 0.8, as mentioned in the main text of the manuscript, a value of G xy = 1.42G 0 is obtained. For the case of decoupled modes (in this context a thick topological insulator), there is no scattering between the modes and, therefore, τ = 1, giving G xy = 1.53G 0 . A very strong coupling can be modelled by taking τ = 0, which effectively localizes the lowest modes at the two surfaces, excluding them from the conductance. The conductance is then G xy = G 0 . Also for higher order filling factors the integer quantization is restored again for τ = 0, due to the cancellation of the modes. In Fig. S6 , we show an example for the symmetrization and anti-symmetrization as used in the main text. The ρ xy is not fully quantized and the ρ xx does not fall to zero, not 
